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ABSTRACT
Background: Model of the COVID-19 development are needed to have indication about its growth and decline 
over time.

Objective: To generate a model in relation to the Italian situation in the period between March 1st and April 22nd.

Methods: Five non-linear mathematical equations (Logistic 4P Rodbard; Weibull Growth; Logistic 4P; Logistic 
3P; Exponential 3P) were used to describe the growth curves models relating to positive cases, deaths and their 
respective acceleration patterns. The analysed period is from 3rd March to 21st April.

Each model has been adapted separately to the observations using JMP14 software of SAS Institute. Next, all 
models were tested for goodness of Fit (quality of prediction) using Akaike’s information criterion (AICc), AICc 
Weight and Bayesian information criterion (BIC). The data were released by the Italian Heath Authorities and 
consistent for each of the 20 Italian Regions.

Results: The Rodbard 4PL Logistics equation was the best model for describing the trend of positive, death and 
differential cases, because it presented the lowest AICc, and BIC values and the highest AICc weight, compared 
tothe other models.

Conclusion: The data show that the COVID-19 reached the pick in the month of March, and in April was starting 
the decay of both positive cases and deaths. A large difference was shown among the Regions both in terms of 
number of cases and deaths. The shape of the curves show that the decay seems to be asymptotic.
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Introduction
The infection due to COVID-19 in Italy was one of the most severe 
in the world, accounting for > 200,000 cases and >24,000 deaths in 
a period of < 2 months.

However, differences among the Italian Regions, either in term of 
positive cases and death has been shown, giving some indication 
about the causes determining these differences [1]. Six of the most 
prosperous and industrial Regions (Lombardia, Veneto, Piemonte, 

Liguria, Toscana, and Marche) where affected, while in other 
Regions of the Centre, South and Island the infection was not very 
aggressive.

The correlations with the COVID-19 either in terms of positive 
cases and deaths were shown for the population density and the 
territory, in that people living in flat land and mountains were 
much more affected, as was also for the gross domestic product 
(GPD). Significant correlations with the number of workers and 
companies was shown, while temperature and humidity seemed 
not to be relevant.
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The aim of the present study was to determine the best mathematical 
model describing the trend of the COVID-19 infection in Italy, in 
terms of positive cases and death.

Material and Methods
The values presented by the COVID-19 positive cases in Italy were 
recorded between March 1st and April 22nd as already presented in 
the previous paper [1]. Similarly, were considered for the same 
period the differentials (D) consisting of the values Xn-Xn-1 (where 
N are the value of the day N-1).

To describe the curves of positive and dead cases, 5 non-linear 
models were tested (Logistic 4PL Rodbard; Weibull Growth; 
Logistic 4P; Logistic 3P; Exponential 3P). The nonlinear 
procedure provides weighted estimates of the least squares of the 
parameters of the nonlinear model. The choice of the best fit was 
made by choosing the curve with the minimum AICc and BIC and 
the maximum AICc Weight. The 4PL model was applied for data 
analysis.

The same procedure was applied for differentials (D). The trends 
for the 20 different Italian regions were compared with the same 
model.

Results
Italy COVID-19 positive cases
The best fitting was obtained with the logistic equation 
characterized by 4 parameters (Rodbard 4PL or APL) according to 
the following formula:

Y=D+ A−D/ 1 + (x/C) ˆB

There are a number of ways to parameterize the 4PL model [3,4]. 
One parameterization, is shown in the previous equation, where Y 
is the observed response (positive cases, deaths, differentials) and 
A, B, C, and D are the curve parameters [2]. The values of A, B, 
C, and D are estimated using the data, and are not known a priori. 
The parameters A and D correspond to the asymptotes; B is called 
growth rater and C inflection point.

The different non-linear equations applied to the data suggested 
that the 4PL model well described (AICc Weight, p=1) the 
phenomenon of the infected whose number was 899 cases at 1st 
March and 69092 at 22nd April. The results of the selection models 
are shown in Table 1.

Positive cases

Table 1: Statistical indicators used for model’s selection.

AICc
Gives a measure of the goodness of fit of an estimated statistical 
model that can be used to compare two or more models. AICc is a 
modification of the AIC adjusted for small samples.

AICc Weight
Gives normalized AICc values that sum to one. The AICc weight 
can be interpreted as the probability that a particular model is the 
true model given that one of the fitted models is the truth.

BIC
Gives a measure based on the likelihood function of model fit that 
is helpful when comparing different models. The model with the 
lower BIC value is the better fit. 

Figure 1: Positive cases of the five models.

All the parameters of the equation (Table 2), are statistically 
different from 0 to the Chi-Square test (p<0.001). By inserting 
in the equation, the number of positive cases of any day between 
March 1th and April 22th (Figure 1), the theoretical value calculated 
by the equation is obtained. Most of these values fall within the 
corresponding confidence intervals (CI 95%) to demonstrate the 
goodness of the fitting obtained.

Table 2: Statistical tests on curve parameters.

Differentials between the daily data of positive cases (D)
The parameter values in the 4PL equation and the corresponding 
significance to Wald's test are shown in Table 3. The data are 
reported in Figure 2, and indicate the reduction of D during time. 
It can be observed one peak March 7th and a subsequent rapid 
reduction in the phenomenon. The decrease of D was evident, 
reaching the value of 1.015 at April 22nd (-32 % from March 1th).
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Table 3: Statistical tests on curve parameters.

Figure 2: Curve of the D values from March 1st up to April 22nd.

Deaths from COVID-19
Similarly, to the positive cases the best fitting was obtained with 
the logistic equation characterized by 4 parameters (Rodbard 4PL).

Data are reported in Table 4, 5, and Figures 3 and 4.

Table 4: Statistical indicators used for model’s selection.

Figure 3: deaths from COVID-19 with the four models.

The Growth Rate for the curve is statistically different from 
0 (p<0.01). The negative sign for Growth Rate specifies that 
expected mortality tends to increase over time. 

Table 5: Statistical tests on curve parameters.

Figure 4: Trend for deaths during the considered period.

Differentials between the daily data on deaths (D)
The D is decreasing very slowly with a limited inversion at April 
16th as reported in Figure 5.

Figure 5: Curve of the D values from March 1st up to April 22nd.

The Growth Rate for the curve is statistically different from 0 
(p=0.0042). The positive sign for Growth Rate specifies that 
expected mortality tends to decrease over time (Table 6).
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Table 6: Statistical tests on curve parameters.

Predictor screening (PS)
The following topic deals with the research of the day with more 
responsibility than others in determining the positivity of cases on 
March 31th. The PS procedure indicates that this day corresponds 
to March 9th, as sown in Figure 6.

Figure 6: PS from the day March 1st to March 31st.

Positive cases at March 9th vs. days were correlated to define the 
best fitting curve (Table 7 and Figure 7).

Table 7: Statistical measures used for model’s selection.

Figure 7: Each curve represents a model of the Table 7

The best fitting was obtained again with 4PL equation.
According to these data the 4PL model were applied and results 
are reported in Figures 8.

Figure 8: Positive case curve March 9th vs March 31th.

The most affected Italian Regions (Lombardia, Emilia Romagna, 
Veneto, Piemonte) are indicated.

Discussion
The limitation of the presents analysis is due to the lack of the 
knowledge of the real data, both in terms of positive cases and 
deaths. 

In the case of positive swabs, the Regions were undertaking 
different methods: some of the Regions were taking swabs only for 
subjects presenting symptoms, while other were also considering 
apparently heathy subjects.

In reaction to deaths, only those within the hospitals were 
considered, but patients who died at home may have not been 
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completely reported. A highly significant correlation was found 
between swabs, positive cases and deaths, meaning that the present 
data, despite they represent the “pick iceberg”, can give a sufficient 
reliable picture of the real curves during time. Considering that 
the positive cases are supposed to represent about 8-10% of the 
real cases figures around 2 million of people can be credible. The 
present ratio between positive cases/death account for and with 
the present ratio positive cases/death accounts for about 10% of 
the cases. 

However, the clinical protocols are improving day by day, and 
hopefully one may expect that this ratio will improve. A particular 
attention should be given to the aerol use of antiviral/anti-
inflammatory agents to bypass the organ toxicity and focus on the 
lung with less aggressive dosages.

The simplest curves, of both positive cases and deaths in terms of 
D, seems to be asymptotic, which indicates that it will be hardly 
possible to define a time “zero”, but most realistically numbers that 
for a long period of time will stay much over this value, hopefully 
with affordable figures.

One may not rule out the event that COVID-19 is already part of 
the human metaorganisms, which means we may expect periodical 

recrudescence. As for every infection/pandemia, the real matter is 
the prevention which can be done also in the case of COVID-19 as 
it was for AIDS or viral hepatitis.

Prevention cannot be based only on the lockdown, or segregating 
elderly people at home. There are many other possibilities, and 
mask use with a limitation of large gatherings can be the first 
affordable step. 

Conclusion
Despite some minor bias, the trend of COVID-19 infection in 
terms of positive cases and death can be explained at the best using 
the Logistic 4PL Rodbard.
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